This paper presents a model to predict the crack formation fatigue lives of spur gear contacts operating under mixed lubrication conditions where surface roughnesses introduce intermittent metal-to-metal contacts and severe stress concentrations. The proposed model consists of several submodels, including (i) a gear load distribution model to determine the normal tooth force distribution along the tooth surface, incorporating any profile modifications and manufacturing deviations, (ii) a mixed elastohydrodynamic lubrication model customized to handle transient contact conditions of gears, (iii) a stress formulation that assumes the plane strain condition to compute the transient elastic stress fields on and below the tooth surface induced by the mixed lubrication surface pressure and shear stress distributions, and (iv) a multi-axial fatigue model to predict the crack nucleation life distribution. The proposed spur gear fatigue model is used to simulate the contacts of gear pairs having different surface roughness amplitudes. The predictions are compared to the measured gear fatigue stress-life data for each surface condition to assess the model accuracy in the prediction of the crack nucleation fatigue lives as well as the location of the critical failure sites.
Introduction
As one of the most common gear failures, pitting is the contact surface fatigue failure, which often takes place in the dedendum region below the pitch line with negative sliding. Contacting gear tooth surfaces might have roughness amplitudes (caused by manufacturing finishing processes such as grinding, shaving, or honing) that are comparable to lubricant film thickness, such that surface asperities can penetrate the fluid film and come into direct contact. Under such mixed lubrication condition where the local asperity contacts and the elastohydrodynamic lubricant film share the normal load, the roughness irregularities significantly elevate the local surface pressures to the magnitudes that are much higher than the maximum Hertzian pressure. Under heavy loading condition, these pressure peaks might even exceed the surface hardness, causing the material yielding and crack formation. The resultant stress fields exhibit extreme stress concentration sites close to the surface which facilitate the occurrence of the contact fatigue failures at or near tooth surfaces. Additionally, as the gears roll in mesh, the contact radii of curvature, surface velocities, and normal tooth force are all time dependent. These transient effects introduce fluid film fluctuations into the contact to alter the lubrication behavior [1] . This paper aims at developing a high cycle contact fatigue model for spur gear contacts under mixed elastohydrodynamic lubrication (EHL) conditions considering all the transient effects associated with the rough surface gear contacts to predict the crack nucleation life distribution along the tooth profile. The model is also intended to predict the site of the crack nucleation (surface, near surface, or subsurface) in relation to the operating conditions, lubricant parameters, and surface roughness amplitudes. In addition, this study includes a set of gear contact fatigue experiments for the validation of the proposed model. Most of the contact fatigue studies in the literature focused on the twin-disk type of rolling contact fatigue (RCF) problems. Several of these studies [2] [3] [4] assumed ideally smooth contact surfaces with no lubrication. The phenomenon of surface crack formation was explained to be mainly due to the Coulomb friction along the contacting surfaces captured by the product of the Hertzian pressure and the assumed friction coefficient. With the smooth surface and dry contact conditions present, Jiang and Sehitoglu [5] investigated the ratcheting failures under pure rolling condition. Cheng et al. [6] proposed a persistent slip band based semi-analytical approach, examining the crack formation mechanism on the grain scale. Glodež et al. [7, 8] included the crack propagation phase into the RCF modeling. Flašker et al. [9] studied the surface crack propagation incorporating the EHL effects through the empirical smooth surface lubrication formulae. Davoli et al. [10] applied multi-axial fatigue criteria to spur gear contacts, assuming smooth and dry contact condition. The normal tooth force was obtained using very simplified formulation. Qiao et al. [11] and Snidle and Evans [12] studied the lubricated gear tooth surface fatigue by treating any instantaneous tooth contact as an independent line contact of a cylinder pair. The determination of the tooth force, however, was not given. Several multi-axial critical plane fatigue criteria were compared to claim that all yielded similar results. It was shown that the maximum fatigue damage occurred very close to the surface due to the roughness irregularities. The studies of Refs. [13] [14] [15] investigated the pitting failure under mixed lubrication regime. Epstein et al. [13] and Zhu et al. [14] examined the influence of surface finish on fatigue life using a Weibull model based fatigue criterion. Li and Kahraman [15] presented a full contact fatigue model for point contacts, proposing a Lagrangian-Eulerian approach to include the surface roughness effect on pitting fatigue. The predictions showed evident competition between the surface and the subsurface crack nucleation and correlated well with the experimental measurements using a two-disk set-up.
The studies listed above considered a contact with constant geometry, constant surface velocities as well as constant normal load, which is not representative for gear contacts. On the other hand, a complete fatigue analysis along the tooth profile from the start of active profile (SAP) to the tip is required to determine the weak spots (in terms of failure) such that microgeometry modifications can be applied to improve the tooth fatigue strength. The main objective of this study is to develop a spur gear contact fatigue model that is capable of performing the complete tooth surface pitting analysis continuously along the tooth profile, incorporating the main transient gear contact parameters, including contact radii of curvature, surface tangential velocities, and normal tooth force. As the second objective of this work, the results of a spur gear pitting experimental study are presented and compared to the model predictions to demonstrate the capability of the proposed model under different contact conditions.
It is assumed that the gear sets operate far away from the resonances such that the dynamic effects can be ignored and the quasi-static tooth force can be used. The thermal effects on the EHL behavior are also assumed to be negligible (energy equations can be incorporated with the EHL formulation to include any instantaneous thermal effects) and other failure modes such as scuffing and wear are not considered. The changes in the surface roughness profiles during the run-in stage are excluded by using the after run-in surface roughness profiles and assuming that the profiles remain the same after the run-in takes place [16, 17] . Any lubricant additive effects are not considered and only one lubricant (an automatic transmission fluid) is considered. Further, only the crack nucleation life is included here as the experimental studies such as Rahman et al. [18] and Hoffmann et al. [19] indicated that the crack propagation life was rather small compared to the crack nucleation life for high cycle pitting fatigue. Meanwhile, pure elastic stress fields are assumed since the high cycle fatigue problem, whose life is in excess of 1 Â 10 6 cycles is of primary interest. The measured residual stress field is superimposed onto the load induced stress component prior to the multi-axial fatigue evaluation. Any potential effect of the variation of the material hardness with depth is not taken into account in the present study.
Modeling Methodology
The modeling methodology of gear contact fatigue consists of four major components as illustrated in Fig. 1 . They are (i) a gear load distribution model to determine the normal tooth force distribution along the tooth surface, (ii) a gear EHL model to predict the transient normal pressure pðx; tÞ and surface shear qðx; tÞ distributions along the contacting tooth surfaces, (iii) a stress distribution formulation to determine the time histories of the transient stress fields imposed by pðx; tÞ and qðx; tÞ as the contact passes by, and (iv) a multi-axial fatigue model to evaluate the crack nucleation lives of all points on and below the tooth surface. The gear load distribution model employed [20] uses the formulation proposed by Conry and Seireg [21] and was briefly discussed in Li and Kahraman [1] . This model considers all the essential components of the gear tooth compliance (tooth bending, base rotation, shear, and Hertzian deformations) as well as any intentional profile modification and manufacturing error to predict the load distribution. The remaining three components of the gear contact fatigue prediction methodology are described in the following sections.
2.1 Gear Transient Mixed EHL Model. The model of Li and Kahraman [1] is used here to simulate the lubricated rough surface gear contact starting from the SAP to the tooth tip (or in case of a driven gear, from the tip to the SAP) in a continuous manner. The detailed formulation and discretization scheme used for the solution were described fully in Refs. [1] and [22] . Only the governing equations are presented here to highlight the critical features of the model in simulating the gear contact conditions.
Characterizing a spur gear contact as a line contact problem, the one-dimensional transient Reynolds equation governs the lubrication characteristics of the contact areas where hydrodynamic fluid film separates the surfaces
In the areas where the asperities interact (i.e., metal-to-metal contacts with no fluid film in between), the reduced form of Eq. (1a) is employed [1, 15, [22] [23] [24] @ u r ðtÞhðx; tÞ
In these equations, x is the coordinate along the rolling (tooth profile) direction and travels with the contact along the line of action (Fig. 2) , t is the time, and pðx; tÞ, hðx; tÞ, and qðx; tÞ denote the instantaneous pressure, film thickness, and density distributions of the fluid across the contact. The rolling velocity u r ðtÞ ¼ ½u 1 ðtÞ þu 2 ðtÞ=2 is the instantaneous average of the time varying pinion and gear surface velocities u 1 ðtÞ and u 2 ðtÞ. Referring to Fig. 2 , u 1 ðtÞ ¼ x 1 r 1 ðtÞ and u 2 ðtÞ ¼ x 2 r 2 ðtÞ, where x 1 and x 2 are the nominal angular velocities of the gears, and r 1 ðtÞ ¼ B 1 C ¼ r b1 h 1 ðtÞ and r 2 ðtÞ ¼ B 2 C ¼ r b2 h 2 ðtÞ are the time-varying radii of curvature (r b1 and r b2 are the base circle radii). Assuming an Eyring fluid, the non-Newtonian effects are incorporated in the flow coefficient as [1, 15] f ¼ qh
where g is the lubricant viscosity, s 0 is the pressure dependent Eyring stress [22] , and s m is the mean viscous shear stress determined by s m =s 0 ¼ sinh À1 ½gu s ðtÞ=ðs 0 hÞ. Here, the instantaneous sliding velocity u s ðtÞ ¼ u 1 ðtÞ À u 2 ðtÞ is also time dependent. Designating gear 1 as the driving gear, the kinematics of involute gearing states that u 1 ðtÞ < u 2 ðtÞ when the contact is below the pitch line along the line segment B 1 C in Fig. 2 , u 1 ðtÞ ¼ u 2 ðtÞ (no sliding, pure rolling) when the contact is at the pitch point C, and u 1 ðtÞ > u 2 ðtÞ when the contact is at the addendum region (along the line segment B 2 C in Fig. 2 ) of the driving gear.
The local film thickness at the position x and time t is defined as hðx; tÞ ¼ h 0 ðtÞ þ g 0 ðx; tÞ þ Vðx; tÞ À R 1 ðx; tÞ À R 2 ðx; tÞ (2) Transactions of the ASME where h 0 ðtÞ is the reference film thickness, and R 1 ðx; tÞ and R 2 ðx; tÞ are the roughness heights of the two tooth surfaces moving at u 1 ðtÞ and u 2 ðtÞ, respectively. The gap between the undeformed mating surfaces is g 0 ðx; tÞ ¼ x 2 ½2r eq ðtÞ, where r eq ðtÞ ¼ r 1 ðtÞr 2 ðtÞ=½r 1 ðtÞ þ r 2 ðtÞ is the equivalent radius of curvature. The term Vðx; tÞ represents the total elastic deformation induced by pðx; tÞ. With the assumptions that the contact zone is relatively small and the surfaces are smooth, the Boussinesq's half space formulation [25] is applied to compute Vðx; tÞ as
where x s and x e are the start and end points of the computational domain of the contact zone and KðxÞ ¼ À4 ln x j j=ðpE 0 Þ is the influence function (E 0 is the equivalent modulus of elasticity). Here, the surface shear induced by the fluid pressure gradient is assumed to be negligible, such that the normal elastic deformations of the contacting surfaces caused by the surface shear offset each other (The gear pair is made from the same material).
A load balance equation is written by equating the total contact force due to the pressure distribution including both the hydrodynamic and asperity contact regions of the entire contact zone to the time-varying normal tooth force as
W 0 ðtÞ is the quasi-static tooth force density (per unit face width), which is predicted by the load distribution model [20] . Equation (4) is used to check for the load balance convergence of the pressure prediction. The value of h 0 ðtÞ in Eq. (2) is adjusted within a load iteration loop until the predicted pðx; tÞ satisfies Eq. (4).
For the modeling of the viscosity dependence on pressure, various models are available in the literature, such as Barus' exponential relationship, Roelands' equation, two-slope exponential relationship, and the free-volume model [26] . Any model selection is suggested to be based on the measured pressure-viscosity relationship of the lubricant as well as the operating temperature and pressure ranges considered. For the lubricant employed in this study, the exponential relationship is assumed using the reciprocal asymptotic isoviscous pressure a Ã as the pressure-viscosity coefficient. The pressure-density relationship is approximated using the Dowson-Higginson equation as described in Ref. [1] .
The transient shear traction between the contact surfaces consists of the viscous shear within the hydrodynamically lubricated areas, and the contact friction due to the direct asperity interactions. Assuming no slippage at the lubricant and tooth surface interfaces and considering both the Poiseuille and Couette flows, the viscous shear stress acting on the lower surface is written as qðx; tÞ ¼ Àg Ã x u s ðtÞ hðx; tÞ À 1 2 hðx; tÞ @pðx; tÞ @x
where g Ã x ¼ g=coshðs m =s 0 Þ is the effective viscosity for an Eyring fluid. The first and second terms on the right hand side of Eq. (5) are the sliding friction and rolling friction, respectively. Meanwhile, within the contact regions where the film thickness breaks down, the shear stress is defined as qðx; tÞ ¼ lpðx; tÞ, where l is the boundary lubrication friction coefficient. A typical value of l ¼ 0:1 is used in this study [15, 22, 27] . Figure 3 illustrates the twodimensional (2D) computational domain of a single gear tooth with pðx; tÞ and qðx; tÞ applied. The x À z reference frame attaches to the contact zone and moves with it as the gears roll in mesh. The x axis denotes the rolling direction and the z axis points down into the surface. The computational domain is torque load dependent and defined by the maximum Hertzian half width a max as of À2:5a max x 1:5a max and 0 z a max . It is discretized into N x Â N z grid elements. The grid increment Dz is designed to be variable such that it gets smaller near the surface where local stress concentrations due to the surface roughness are expected. The Dx increment is kept constant and sufficiently small (on the order of micrometer) to capture the measured surface roughness variations accurately.
Stress Prediction Model.
As the contact zone moves along the tooth profile, the material points on and below the surface experience the transient stress fields of the normal components (r x , r y , and r z ) and the shear component r xz with the plane strain assumption. The y direction is perpendicular to the x and z axes in a Cartesian coordinate system orientation. In order to determine the stress components induced by the distributions of pðx; tÞ and qðx; tÞ, the perfectly smooth elastic half space formulations [25] 
Here, the influence of local asperity geometry on the near surface stress concentration is not considered. In addition, the stress component r y is not evaluated since the multi-axial fatigue criteria do not require it under the line contact condition. It is noted here that Eqs. (6) and (7) have the form of convolution and can be numerically evaluated using the Discrete Fourier Transform (DFT) convolution technique [15] . For most of the fatigue criteria, the fatigue damage assessment requires the mean and alternating components of the shear and normal stresses on a certain plane. Therefore, the multi-axial stress time histories for each material point of interest must be determined while the contact passes by. Considering gear j (j ¼ 1; 2), a X À Z reference frame that is fixed on the gear tooth is defined with its origin positioned at the SAP of the straightened tooth profile with the X axis being tangent to the surface pointing toward the tooth tip and the Z axis representing the depth into the material. The fixed X À Z coordinate frame and the moving x À z coordinate frame are related according to
where X 0 is the position of the x À z frame at t ¼ 0. With this, the histories of the stress components r i (i ¼ x; z and xz) of any arbitrary grid point fixed in the X À Z frame can be defined as
where I ¼ X; Z or XZ. Any residual stresses caused by the surface machining and heat treatment processes (measured along the z axis) can be superimposed onto the predicted elastic stress fields, which alters the mean values while leaving the alternating stress amplitudes unchanged.
Multi-Axial
Contact Fatigue Life Model. The critical plane approach has been frequently used in the multi-axial fatigue life prediction, showing reasonable correlations to fatigue experiments [28] [29] [30] [31] [32] . Various forms of critical plane fatigue criteria have been proposed according to the fatigue failure mechanisms observed and the damage parameters selected. For rough surface gear contacts subjected to mixed EHL condition, the fracture mode is rather complicated for surface nucleated local failures, making it difficult to select the most appropriate form of the critical plane fatigue criteria. The alternative fatigue approach that does not require the preknowledge of the fracture mode is the socalled characteristic plane approach [33] that evaluates the fatigue damage on a material plane, on which the contribution of the hydrostatic stress on fatigue is minimum. This plane may or may not represent the fracture plane. The characteristic plane based multi-axial fatigue method was used earlier to generic point contacts under mixed EHL condition [15] . The fatigue predictions were shown to correlate well with the pitting experiments using a twin-disk setup, not only in terms of the life cycles but also in terms of the critical failure locations.
In this work, the critical plane fatigue criterion proposed by Susmel and Lazzarin [31, 32] and the characteristic plane fatigue criterion [15, 33] are both implemented for the rough surface gear contact fatigue analysis. It is noted here any other suitable multi-axial fatigue criterion can also be used with the proposed methodology.
Defining the critical plane as the plane with the maximum shear stress amplitude, the maximum normal stress ðr max Þ c and the shear stress amplitude ðs a Þ c acting on this critical plane are used to define the stress ratio # ¼ ðr max Þ c ðs a Þ c . Susmel and Lazzarin's criterion [31, 32] predicts the fatigue life N f as
where S Nr and k are the fatigue strength corresponding to the reference life cycle N r and the inverse slope of the modified Wohler S-N curve, respectively. Both of these parameters are functions of the stress ratio #. The modified Wohler curve describes the relationship between the maximum shear stress amplitude and the number of cycles to failure [31] . In the absence of the measured modified Wohler curves at different stress ratio values, S Nr and k can be approximated as [31] 
Here, # ¼ 1 and # ¼ 0 correspond to the fully reversed axial and torsional loading conditions, respectively. The gear material properties, namely, the fully reversed pure bending fatigue strength and fully reversed pure torsion fatigue strength, define the angle a at which the characteristic plane is positioned from the macro fatigue fracture plane (the plane experiencing the maximum normal stress amplitude). This angle has the expression of Ref. [33] 
Here, s ¼ S [33] ). Assuming that the mean shear stress effect is negligible, the fatigue criterion is defined on the characteristic plane as [33] 
where b ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi s 2 cos 2 ð2aÞ þ sin 2 ð2aÞ q , and r a , s a , and r a;H are the normal stress amplitude, shear stress amplitude, and the hydrostatic stress amplitude acting on the characteristic plane, respectively. The mean normal stress effect is included through the correction term ð1 À r m;max S r Þ where r m;max is the mean normal stress on the macrofracture plane and S r is a reference stress that defines the extent of the mean stress effect and is determined through the uniaxial fatigue data or approximated using the ultimate tensile strength of the material. For the material considered in this study, S r ¼ 1:25 GPa. The characteristic planes passing through the material points of interest are searched in the 2D plane with a 2 deg increment. The fatigue lives are then determined by solving Eq. (13) numerically.
In order to enhance the statistical meaning of the predictions and capture the tooth-to-tooth surface roughness variations, the deterministic gear contact fatigue analysis is repeated for many times, each time using different roughness profiles measured from different gear teeth. These predictions are then analyzed statistically to obtain the median, 10th and 90th percentile lives of the gear pairs.
Comparison to Gear Pitting Experiments
An experimental study consisting of a number of gear pitting tests was conducted with the objective to validate the model predictions. Although the test machines used in these experiments were standard FZG, the test specimens were different from the standard FZG pitting gears. The basic design parameters of the test gears are listed in Table 1 . The microgeometry modifications including linear tip relief and circular lead crown (specified in Table 1 ) were applied to both the pinion and the gear to adjust the load distribution pattern. These specimens were made of a typical gear steel (AISI 8620) and case hardened to achieve a tooth surface hardness of 60 HRC with the case depth of 1.3 mm. All of the tests were performed under dip lubricated condition with a typical automatic transmission fluid controlled at 90 C. The rotational speed of the 17-tooth gear was maintained at 2200 rpm corresponding to the pitch line tangential surface velocity of 3.3 m=s. Six loading levels defined by the normalized pitch line Hertzian pressure ofp p ¼ p p p r ¼ 1:71, 1.62, 1.50, 1.34, 1.29, and 1.14 (p p is the pitch line Hertzian pressure and p r is a reference pressure) were used. A total pitted area greater than 3.8 mm 2 on a single tooth or 16 mm 2 on all teeth was used as the pitting failure criterion. Any test with the wear depth exceeding 12 lm was considered as a wear failure and excluded from the pitting database. For each test, the gears were inspected every 10% of the anticipated life expectancy, with the inspections alternating between the visual ones and the ones involving physical measurements (including pit size, surface roughness, and wear accumulation).
The gears having two different surface textures were considered. One batch of shaved gears has the average root-mean-square (RMS) roughness amplitudes of 0.41 lm and 0.45 lm for the pinion (17-tooth) and gear (26-tooth) surfaces, respectively. The other batch is superfinished with the average RMS roughness of 0.13 lm on both surfaces. The measured example surface roughness profiles in the tooth profile direction (after 4 h of run-in process) of these two surface finishes are compared in Fig. 4 , showing substantial roughness amplitude reduction through the superfinishing process. Figure 5 shows the pitting failure images of the shaved pinions (left column) and the superfinished pinions (right column) at the highest loading level ofp p ¼ 1:71 and a median loading level ofp p ¼ 1:50. The positions of the lower tips of these pits where the failures were initiated and were identified to be in the neighborhood of the lowest point of single tooth contact with the roll angle of 16:7 deg. The maximum depths of the pits produced in this work vary between 0.15 mm and 0.42 mm depending on the extent of the crack growth and how early the pits were identified during the tests. Although the formed pits in Fig. 5 passed the crack nucleation stage, the crack propagation lives were found to be a small portion of the total life. For instance, the images of a pinion surface at different contact cycles during its test (Fig. 6 ) reveal no signs of pitting up to 64 Â 10 6 cycles. Besides these physical inspections, no observable crack was found in the visual inspection at 72 Â 10 6 cycles, such that the crack propagation life can be roughly estimated to be less than 13% of the total life. This observation is in line with the experimental studies of Rahman et al. [18] and Hoffmann et al. [19] . The former observed surface initiated pitting failure under the mixed lubrication condition with the crack nucleation life constituting 99.77% of the total life. The latter used the same material and same type of lubricant as those in this study and showed the crack nucleation life constitutes 75% of the total life. Even under the full film elastohydrodynamic lubrication condition, the pits were observed to be surface nucleated and grow at 30 deg angle into the material [19] . These gear pitting experiments are simulated using the fatigue model presented in Sec. 2. The computational domain defined in Fig. 3 is discretized with N x ¼ 512 in the x direction such that Dx ¼ 2:3 lm. Through comparisons to the predictions with N x ¼ 1024, this grid density was deemed sufficiently accurate. Finer meshes can be used within the same methodology to refine the predictions when necessary. In the z direction, N z ¼ 30 with variable increment, starting at Dz ¼ 1:8 lm for the first layer and increasing by a factor of 1.1 for each consecutive layer. A total of 500 time instances are used to define the travel of the contact from the SAP to the tip corresponding to a time increment of Dt ¼ 3:8 ls. The lubricant used has the ambient density of q 0 ¼ 824 kg=m 3 , the ambient viscosity of g 0 ¼ 0:006 Pa s, and the reciprocal asymptotic isoviscous pressure of a Ã ¼ 12:6 GPa À1 at 90 C. The Eyring stress has the ambient value of 5 MPa and is assumed to be linearly dependent on the pressure starting at 0.8 GPa with the slope of 0.05. It was shown [34] , the exponential relationship could be used to approximate the general pressure-viscosity relationship if a Ã is used as the pressure-viscosity coefficient. Thus, the pressure-viscosity behavior is described by the exponential relationship using a Ã in this study. To include the surface roughness differences from tooth to tooth, eight different measured pinion-gear surface roughness profile pairs are used for each of the pitting fatigue analysis under different loading and surface conditions.
Due to the circular lead crown, the tooth force varies along the face width. This variation cannot be represented by a single line contact. The gear set is thus discretized into a number of very thin spur gear slices (11 slices in this work), and the fatigue analysis is performed for each slice individually while only the results for the center slice which has the highest loading condition are presented. For example, loading level atp p ¼ 1:50, the variation of the predicted normal tooth force density W 0 as a function of the pinion roll angle h 1 is plotted in Fig. 7 for the center gear slice. Under this loading condition, the example instantaneous solutions of pðx; tÞ, hðx; tÞ, and qðx; tÞ of the gears with shaved tooth surfaces are shown in Figs. 8-10 for one of the surface roughness pairs. Here, Figs. 8-10 represent the instances when the contact is at the lowest point of single tooth contact (LPSTC) with h 1 ¼ 16:7 deg, the operating pitch point (h 1 ¼ 24:6 deg) and the highest point of single tooth contact (HPSTC) with h 1 ¼ 33:9 deg, respectively. In these figures, the asperity contacts (with zero film thickness) are common, resulting in sharp normal pressure and surface shear spikes. At the LPSTC in Fig. 8 , the negative sliding (u s < 0) causes positive surface shear on the pinion tooth surface, while the opposite is true in Fig. 10 for the HPSTC.
In Figs. 8-10 , the corresponding instantaneous r x , r z , and r xz distributions are also displayed. Due to the local surface irregularities, severe stress concentrations are observed at the near surface locations. Especially for r xz , its near surface (z < 10 lm) amplitude exceeds its maximum amplitude within the subsurface region (z > 50 lm). It should be noted that even the depth of the maximum subsurface orthogonal shear stress amplitude is pulled up toward the surface owing to the surface roughness effects. It is also interesting to see this depth increases as the contact moves from the LPSTC to the operating pitch and then to the HPSTC.
The histories of the stress components are used to search for the critical plane or characteristic plane and assess the fatigue damage according to the two different fatigue criteria presented above for each grid point on and below the tooth surface. The fully reversed bending and fully reversed torsion fatigue strength employed were experimentally determined using through hardened specimens with the same tooth surface hardness of 60 HRC. To minimize the influence of surface roughness on the fatigue strength measurements to define S b N and S t N , the specimens were polished to arrive at the RMS roughness amplitudes less than 0.2 lm. The predicted lower 10th percentile, median and upper 10th percentile life distributions along the entire tooth are plotted in Figs. 11 and 12 for the shaved and superfinished gears atp p ¼ 1:50, respectively. In these figures, the crack nucleation fatigue life predictions of the critical plane approach (left column) and the characteristic plane approach (right column) are compared directly. Both approaches predict that the critical failure position is in the dedendum region of the tooth. However, the two criteria yield different depth of the crack nucleation site, subsurface initiation for the critical plane approach and surface initiation for the characteristic plane approach. A more detailed comparison in terms of the position and the corresponding slide-to-roll ratio SR ¼ u s =u r of the critical crack nucleation site is listed in Tables 2 and 3 . It is seen the characteristic plane approach predicts failures closer to the LPSTC compared to the critical plane approach. As the load decreases, the crack formation depth moves upward from 116 lm to 48 lm for the shaved surfaces, and from 144 lm to 112 lm for the superfinished surfaces according to the critical plane criterion. The reduced roughness amplitudes on the superfinished surfaces are shown to have less influence on the crack depth. However, the characteristic plane criterion predicts that the cracks initiate on the surface for both surface textures under all the load levels, agreeing with the experimental observations of Bluestein [16] and Klein [17] on these tests. The predictions using the characteristic plane criterion also compare better to the experiments in terms of the roll angles at which the cracks form. This suggests the characteristic plane criterion represents the observed failure mechanism better.
In Fig. 13(a) , the lower 10th, median and upper 10th fatigue lives obtained by using the characteristic plane criterion is compared to the experimental data for the shaved specimens in the form of the stress-life curve. In the process, the measured total fatigue lives are used to estimate the crack nucleation life, since the crack propagation life has been shown to be a small portion of the total life [18, 19] . The measurements at the six load levels are represented by 48 data points. With the exception of the lowest load level, the others are all well populated. A reasonably good agreement is observed between the measured and the predicted life values. Likewise, Fig. 13(b) compares the measurements consisting of 30 test points to the predictions for the superfinished surfaces. It is again observed that the model predictions are in a good agreement with the measured fatigue lives. Comparing the two surface finishes atp p ¼ 1:71, the measured mean fatigue lives are 5.8 Â 10 6 cycles (shaved) and 9.9 Â 10 6 cycles (superfinished), representing more than 70% increase in life with the surface roughness amplitude reduction. For the lower loading level ofp p ¼ 1:34, however, the measured mean lives for the two surface finishes only show 37% of life improvement (from 61.2 Â 10 6 cycles to 83.6 Â 10 6 cycles). This might be due to the moderate amounts of wear accumulated on the tooth surfaces for the shaved gears which experienced more than 20 Â 10 6 cycles under the lower loading levels. Although this wear amount did not reach the imposed wear failure criterion of 12 lm, it could relieve the contact pressure and extend the service life. For the higher loading levels, most of the pits were produced before any noticeable wear was observed. For the superfinished gears, negligible wear was found for all the loading conditions. Since the model does not include the effect of surface wear, the predicted lives deviate from the measurements whenp p 1:34 for shaved surfaces.
Conclusion
In this study, a model to predict the crack formation fatigue lives of spur gear contacts operating under mixed lubrication conditions was proposed. The model consists of a gear load distribution model to determine the normal tooth force distribution along the tooth profile, incorporating any profile modifications and manufacturing deviations, a mixed EHL model customized to handle transient contact conditions of gears, a stress formulation that assumes plane strain condition to compute the transient elastic stress fields on and below the tooth surface induced by the surface stresses, and a multi-axial fatigue model to predict the crack nucleation life distribution. Two different multi-axial fatigue approaches were implemented to evaluate the gear contact fatigue with different surface roughness amplitudes. The predictions were compared to measured gear fatigue stress-life data for each surface condition, showing the characteristic plane criterion is reasonably accurate in predicting the crack nucleation fatigue lives as well as the location of the critical failure sites.
